The effects of size nonuniformities in two-dimensional photonic crystals are studied by using the plane-wave expansion and the supercell methods. Square, triangular, and graphite arrays of dielectric rods or air holes are investigated in this study. The reduction of the first photonic band gap in TM or TE modes of square and triangular structures turns out to be not very significant for the amount of size nonuniformities which could occur during fabrication. It is interesting to find that the higher-order absolute photonic band gap existing in the graphite structure is also tolerant to the size fluctuation. ͓S0163-1829͑99͒03908-9͔
I. INTRODUCTION
In recent years, photonic crystals, artificial optical materials periodically patterned on the order of the wavelength of light, have attracted considerable attention. 1 The existence of the ''photonic band gap'' in photonic crystals implies the possibility of spontaneous emission control 2 and the potential applicability to optoelectronic devices such as zero-threshold lasers, high-efficient light emitting diodes, 3 and low-loss waveguides. 4 For this reason, a lot of works have been carried out both theoretically [2] [3] [4] [5] [6] [7] and experimentally. [8] [9] [10] [11] [12] [13] [14] [15] The fabrication and the characterization of photonic crystals have made rapid progress since the concept of the photonic band gap was proposed. Initially, experiments were performed in the microwave region, and many groups have successfully demonstrated two-dimensional ͑2D͒ or 3D photonic crystal structures. 8, 9 However, the demonstration of photonic crystals in the optical frequency region has remained to be a great challenge because of difficulties in submicron fabrication especially in three dimensions. So, recent interest has been mainly focused on 2D photonic crystals which are much easier to fabricate than 3D ones. Because of the large dielectric constant, semiconductor materials are frequently employed to generate a wide photonic band gap. In addition, direct band-gap materials such as Al x Ga 1Ϫx As and In x Ga 1Ϫx AsP can be used for efficient light sources.
The fabrication of 2D photonic crystals from semiconductor materials usually employs electron-beam lithography and dry etching techniques. [10] [11] [12] [13] During these fabrication processes, some deviations from perfect photonic crystals may inevitably arise. For example, the finite heights of dielectric rods or air holes, sidewall roughness and inclination, and the nonuniform lateral sizes of rods are a few of those imperfections. A certain imperfection could affect the properties of photonic crystals significantly. Therefore, it is necessary to analyze the effect of such deviations on otherwise perfect photonic crystals.
In this paper, we study the effect of the lateral size fluctuation. In our model, 2D photonic crystals consist of infinitely long circular rods embedded in the medium of a different dielectric constant. The size fluctuation is introduced by changing the radius of circular rods randomly, but the periodic position of each rod is unchanged.
Light in such random structures cannot propagate freely as in periodic structures, but is localized due to enhanced scattering. According to the scaling theory, 16 even an infinitesimal amount of disorder can generate localized states in one-dimensional or two-dimensional systems. There is an increasing interest in the propagation and the localization of electromagnetic waves in disordered photonic crystal structures, [17] [18] [19] [20] and most works have been concerned with the localization length. One of the influences of disorder is the creation of band tails. With increasing disorder of a lattice, the states at the band edges become localized first and simultaneously shift into the band gap. The band thus acquires tails with localized states at its top and bottom edges. 21 As a consequence of this formation of band tails, the size of a band gap will be reduced. So, as a measure of the effect of radius nonuniformities, we calculate the shift of band edges into the gap and the degree of band-gap reduction. The strength of the disorder considered in this paper is weak because the periodicity of a structure is maintained and the fluctuation of rods' radii is relatively small compared to the lattice constant.
Because the radius of each rod fluctuates only laterally, the two-dimensional nature of structures is still maintained. Thus, modes are classified into two distinct polarizations; either the TM mode with electric field along the axis of rods or the TE mode with magnetic field along the axis of rods. There are large TM band gaps in square and triangular lattices of dielectric rods surrounded by air, and large TE band gaps in triangular lattices of air holes embedded in dielectric. 22, 23 The graphite structure is promising because it has absolute photonic band gaps. 24, 25 All the structures mentioned above are investigated to study the effects of radius fluctuation on the TM band gap, the TE band gap, and the absolute band gap.
II. METHOD OF CALCULATION
The Maxwell's equation for the magnetic field H(r) is written in the form,
where ⑀(r) is the position-dependent dielectric constant, is a frequency, and c is the speed of light in vacuum. By solving Eq. ͑1͒ for a periodic lattice, we can find the photonic band structure (k), and determine band-edge frequencies as well.
Equation ͑1͒ is solved by using the combined method of plane-wave expansion and preconditioned conjugategradient minimization. Since this is an order-N method, the computation is very efficient and useful especially in calculation of large systems. A detailed description of this method is in Ref. 5 .
The supercell method is employed to study the properties of disordered structures. In our model, a specific type of a disordered structure is placed in a supercell which is periodically positioned in space. One needs to make sure that the size of the supercell is large enough to guarantee negligible coupling between neighboring supercells. Here, the nϫm supercell is defined as a supercell which contains n unit cells along one side and m unit cells along the other side. So, an nϫm supercell contains nϫm unit cells or scatterers.
In a disordered structure, the radius of each rod has a Gaussian distribution with the mean radius r 0 , and the standard deviation ␦r. We exclude the random variable which is too far from the mean value to avoid extreme cases. In fact, the random variable r which lies in the range ͉rϪr 0 ͉Ͼ2.2 ϫ␦r is excluded in a random sequence.
We calculate the relative band-edge shift ␦ and the relative band-gap reduction ␦⌬ between a perfect and a disordered structure. The band-gap size will be denoted as ⌬ which is defined as the gap-mid-gap ratio,
Here gap is the width of a band gap, and mid is the frequency in the middle of a band gap. The relative band-edge shift and the relative band-gap reduction are defined as follows:
where subscript 0 and superscript Ј denote the parameters in a perfect and a disordered structure, respectively. In fact, ␦ and ␦⌬ are determined by averaging over ten random configurations. The ratio of the standard deviation to the average value is about 10%. When we increase the number of random configurations up to 20, the average values are nearly the same as those obtained from ten configurations and the ratio of the standard deviation to the average is reduced slightly. In other words, we used the average value obtained from ten configurations as the reasonable estimation of the effect of nonuniformity. Due to the computational time restriction, a 5ϫ5 supercell is used in most calculations. To check the reliability of the choice of a 5ϫ5 supercell, a 9ϫ9 supercell case is also analyzed for comparison purposes. The amount of the relative band-gap reduction from a 9ϫ9 supercell turns out to be comparable to that from a 5ϫ5 supercell within 10%. Namely, ͉␦⌬ 9 Ϫ␦⌬ 5 ͉Ͻ0.1ϫ͉␦⌬ 9 ϩ␦⌬ 5 ͉/2, where ␦⌬ 5 and ␦⌬ 9 are the relative band-gap reduction obtained from a 5ϫ5 supercell and a 9ϫ9 supercell, respectively. So, we believe the main features obtained from a 5ϫ5 supercell could not deviate from the real situation very much. The supercell is divided into 128ϫ128 computational mesh points, which gives the sufficient convergence for (k).
Experimentally, 2D photonic crystals with ␦r better than 0.01a are expected to be fabricated, unless the lattice constant is too small. So, ␦rϭ0.01a is mainly used in calculation. In every calculation, dielectric constants of two dielectric materials comprising a photonic crystal are chosen to be 1.0 and 12.0 which correspond to the dielectric constant of air and that of semiconductors such as Si and GaAs in optical frequencies, respectively.
III. RESULT AND DISCUSSION

A. Density of states
As stated in the Introduction, the calculation of the bandgap reduction as a measure of the effect of radius fluctuation is based on the fact that localized states are created near band edges due to disorder. So, as a preliminary work, we confirm the existence of localized states through the study of the density of states ͑DOS͒. The concept of the DOS in disordered structures is still valid and useful. The examination of the DOS allows one to obtain some additional and complimentary information about the effect of disorder such as radius fluctuation.
The DOS is obtained by solving Eq. ͑1͒ at each of the 10, 000 uniformly spaced values of Bloch's wave vector inside the first Brilliouin zone of a unit cell. In calculating the DOS of a disordered structure with radius fluctuation, a 9ϫ9 supercell is employed and the calculation is performed for single realization of randomness.
The DOS is calculated for the TM mode of a square lattice structure of dielectric rods in air. The mean radius of rods is 0.2a. Results for three cases of radius fluctuation, ␦rϭ0.0,0.02a, and 0.03a, are shown in Fig. 1 . The DOS is also calculated for the case ␦rϭ0.01a. But, this result is not shown because it has no noticeable difference from the DOS of a perfect structure. At low frequencies, the DOS of a disordered structure is not so different from that of a perfect structure. In other words, when the wavelength is much longer than the lattice constant, the wave does not feel the irregularities and sees a uniform medium with the effective dielectric constant at low frequencies. However, at higher frequencies where the band gap appears, the DOS of a disordered structure becomes quite different from that of a perfect structure as the amount of radius fluctuation increases. Near band edges, sharp lines are observed in the DOS of a disordered structure. These lines correspond to localized states and are analogous to impurity states in electronic disordered structures. 21 Investigation of electric-field distribution further ensures the existence of localized states at near band edges. In case of an infinitely large disordered system, the overlap of many localized states smoothed out the DOS. Computationally this situation can be approximated by averaging over many different random configurations of supercells. In this paper, however, since what we intended to show was the existence of localized states, the DOS for one possible configuration of a supercell was plotted.
In a perfect structure, the first photonic band gap appears between the frequencies ϭ0.28ϫ2c/a and ϭ 0.42ϫ2c/a. However, in a disordered structure, the creation of localized states inside a band gap actually reduces the width of the band gap. The frequency region where the band gap exists is between ϭ0.30ϫ2c/a and ϭ0.40 ϫ2c/a when ␦rϭ0.02a, and between ϭ0.31ϫ2c/a and ϭ0.38ϫ2c/a when ␦rϭ0.03a, respectively. That is, the band gap is reduced by nearly two times when the standard deviation of radius fluctuation is 3% of the lattice constant. Note that the 3% fluctuation in unit of the lattice constant corresponds to the 15% standard deviation in unit of the radius when rϭ0.2a.
B. Square and triangular structure
Square lattices and triangular lattices have large photonic band gaps in either TM modes or TE modes. Square and triangular lattices of dielectric rods in air have large TM band gaps and triangular lattices of air holes in dielectric have large TE band gaps. There exist many band gaps in these lattice structures. However, higher-order band gaps are not practically important since their size is usually much smaller than the first band-gap size. So, we study only the first photonic band gap of square and triangular structures. The size of the first photonic band gap (⌬ϵ gap / mid ) is plotted as a function of the radius of dielectric rods or air holes in Fig. 2 . The square and the triangular lattices of dielectric rods have the largest band gap when the radius of rods is near 0.2a, and the triangular lattice of air holes has the largest band gap when the radius of holes is near 0.4a. In these structures, the band-gap size can be as large as 40-50%. So, the polarization anisotropy can be easily observed in these structures.
First, we calculate the band-gap size ⌬ by varying the amount of radius fluctuation ␦r ͑Fig. 3͒. The mean radius of rods is chosen to be 0.2a for dielectric rod structures ͑TM mode͒ and 0.4a for air hole structures ͑TE mode͒, respectively. At relatively small radius fluctuation, the reduction of a photonic band gap is very small and the band gap remains almost unaffected. For example, when the standard deviation of radius fluctuation is 0.01a, the relative band-gap reduction is only 3% for the square lattice, 6% for the triangular lattice with dielectric rods, and 5% for the triangular lattice with air holes. Larger disorder may reduce the band gap seriously. However, as previously stated, the standard deviation of radius fluctuation about 1% of the lattice constant is expected to be achievable in most cases of fabrication. In dielectric rod structures, the triangular lattice has a larger band gap than the square lattice in every range of ␦r in Fig. 3 , though the band gap reduces more rapidly in the triangular lattice.
In the triangular lattice, the band-gap size of the TM mode decreases more rapidly than that of the TE mode. So, one may think that the TM band gap is more strongly affected than the TE band gap by the same radius fluctuation. However, one should not compare these two structures directly since their structures are quite different; one is a dielectric rod structure with rϭ0.2a, the other is an air hole structure with rϭ0.4a.
Up to now, the mean radius of rods is fixed and the standard deviation of radius fluctuation is varied in calculation. Now, we investigate the effect of radius fluctuation by varying the mean radius of rods. In this calculation, the standard deviation of radius fluctuation ␦r is fixed to 0.01a. The range of the mean radius of rods is restricted from 0.1a to 0.4a, since the structures which have the mean radius out of this range are difficult to be fabricated. Accordingly, the range of the mean radius tried in our study is from 0.1a to 0.3a for the TM mode and from 0.25a to 0.4a for the TE mode. Note that the photonic band gap for each polarization exists in these range of radius as shown in Fig. 2 .
Here, the relative band-edge shifts and the relative bandgap reduction are calculated as a function of the mean radius of rods. In the upper band edge, field energy is concentrated in air regions, while in lower band edge, field energy is mainly distributed in dielectric regions. So the upper band edge is called the air band edge, and the lower band edge is called the dielectric bandedge. 26 The relative air band-edge shift (␦ a ), the relative dielectric band-edge shift (␦ d ), and the relative band-gap reduction (␦⌬) are presented in Fig. 4 . From the definitions of these three parameters ͓see Eqs. ͑3͒ and ͑4͔͒ ␦ a and ␦⌬ are negative, and ␦ d is positive. In Fig. 4 , the absolute values of these parameters are presented.
For dielectric rod structures with small mean radii, the behavior of the relative air band-edge shift and the relative dielectric band-edge shift can be explained by simple analyses of field energy distribution. When r 0 р0.15a, the filling ratio of dielectric rods is less than 10%, which is very low. So, in the air band edge, almost all of the field energy is concentrated in the air region. On the contrary, in the dielectric band-edge, field energy is distributed not only in the dielectric rods but in the air region around the dielectric rods. Therefore, the field energy distribution in the air band edge is hardly affected by the radius fluctuation of the dielectric rods, whereas the field energy distribution in the dielectric band edge is strongly modified by the radius fluctuation. Such field redistribution results in the large shift of the dielectric band edge and the relatively small shift of the air band edge, when the radius of rods is small.
However, when r 0 у0.2a, such simple field analyses cannot explain the behaviors of the relative band-edge shifts. In this radius region, these two band-edge shifts show similar behaviors in both the TM mode and the TE mode. As the mean radius increases, both the relative air band-edge shift and the relative dielectric band-edge shift decrease in dielectric rod structures, while they increase in air hole structures. And, the air band edge shifts more than the dielectric bandedge. These behaviors have something to do with the frequency . Generally, as the radius increases, band-edge frequencies decrease in dielectric rod structures and increase in air hole structures because the large dielectric contribution lowers the band-edge frequencies. In addition, the frequency of the air band edge is about 1.5-2 times higher than that of the dielectric band edge. So, in general, the relative bandedge shifts show the tendency to become large as the frequency increases when r 0 у0.2a.
In dielectric rod structures, the relative band-edge shifts of the triangular lattice are about two times larger than those of the square lattice. One possible reason of this fact is that the triangular lattice is a ''denser'' structure than the square lattice. For the same radius of rods, the filling ratio of rods in the triangular lattice is 2/ͱ3 times larger than that in the square lattice. So, for the same amount of radius fluctuation, the actual disorder is somewhat larger in the triangular lattice.
By combining the results of relative band-edge shifts ␦ a and ␦ d , we obtain the relative band-gap reduction ␦⌬ which is shown in Fig. 4͑c͒ . As the mean radius increases, the relative band-gap reduction of dielectric rod structures ͑TM modes͒ decreases, while that of air hole structures ͑TE modes͒ increases. The relative band-gap reduction is less than 8% in all radii of interest and in both polarization modes. Such robustness of the band gap is partly attributed to the assumption of the perfect lattice periodicity. In actual fabrication processes such as electron-beam writing and dry etching, the shape and the size of each rod can have relatively large fluctuation, whereas the periodicity of repeating patterns can be realized with high accuracy.
C. Graphite structure
For the complete control of spontaneous emission, one needs the absolute photonic band gap common to both TM and TE polarizations. There are a few photonic crystal structures that possess the absolute photonic band gap. Among them, it is generally believed that the graphite structure of dielectric rods in air is the best candidate for the creation of absolute photonic band gaps. The graphite structure has reasonably wide band gaps, and the requirement for fabrication is more forgiving than the other structures. 25 The variation of photonic band gaps as a function of the radius of dielectric rods in perfect graphite structures is represented in Fig. 5 . The dielectric constant of rods is still 12.0. Absolute photonic band gaps are created by the overlap of the TM band gap and the TE band gap in higher orders. There are two regions where absolute band gaps show up. In the region 0.25aϽrр0.45a, the overlap of the second TE band gap (TE 2 ) and the third TM band gap (TM 3 ) gives the first absolute band gap. And, in the region 0.15aрr Ͻ0.35a, the second absolute band gap is created by the overlap of the third TE band gap (TE 3 ) and the fourth TM band gap (TM 4 ). A smaller absolute band gap due to TE 3 and TM 3 also appears in 0.35aрrр0.4a. But, the band-gap size in this region is too small to be used, so we do not concern ourselves with this absolute band-gap region. The maximum band-gap size is about 8% at rϭ0.35a in the first absolute photonic band gap, and is about 10% at rϭ0.25a in the second one. Because the magnitudes of the absolute band gap in two regions are comparable, one has to be careful to select the preferable one.
If one uses a higher-order band gap, there is an advantage that the structure can be made on a larger scale. For example, the first absolute band gap about rϭ0.35a is centered near ϭ0.38ϫ2c/a, and the second absolute band gap about rϭ0.25a is centered near ϭ0.55ϫ2c/a. So, the lattice constant is 0.55/0.38-1.5 times larger if one uses the second absolute band gap. Thus, in the point of easiness in fabrication, it seems that the use of the second absolute photonic band gap is preferable to that of the first one.
However, there is a price one should pay. As the order of band gaps goes higher, the wavelength in the band edges becomes shorter. At the short wavelength, the wave sees the detailed shape of a structure. Therefore, it responds sensitively to disorder in the structure. So, the second absolute band gap will be more seriously affected than the first one assuming the same amount of disorder.
Therefore, to pick up a suitable fabrication region, one needs to study the effect of the disorder such as radius fluctuation in the two possible regions.
We consider, first, the relative TM-band-gap reduction ␦⌬ TM and the relative TE-band-gap reduction ␦⌬ TE in the graphite structure of dielectric rods ͓Figs. 6͑a͒, 6͑b͔͒. In this comparison, the standard deviation of radius fluctuation ␦r is set to 0.01a as is in the previous calculation. And, the mean radii of rods vary from 0.2a to 0.4a. In the frequency region of interest, there are three TM band gaps (TM 1 ,TM 3 , and TM 4 ) and two TE band gaps (TE 2 and TE 3 ). As expected, both the relative TM band-gap reduction and the relative TE-band-gap reduction increase as the band gap goes to higher orders. The relative reduction of TM 1 and TE 2 is about 5%, which is comparable to the results obtained in square and triangular structures, and the relative reduction of TM 3 and TE 3 is about 10%. The relative reduction of TM 4 is quite large; it is about 20%. The relative reduction of TM 3 and TM 4 is about two times larger than that of TE 2 and TE 3 , respectively. In Fig. 5 , TE 2 and TM 3 lie in the similar frequency region, and so do TE 3 and TM 4 . Therefore, in the same frequency region, the relative TM-band-gap reduction is about two times larger than the relative TE-band-gap reduction. The relative absolute photonic band-gap reduction ␦⌬ abs versus the mean radius of rods is shown in Fig. 6͑c͒ . The relative band-gap reduction for both the first and the second absolute band gap is 10-15% except for a few cases. It is about two times larger than the relative first band-gap reduction of square and triangular lattices. However, this is not so much larger considering the absolute band gaps of graphite structures are created by higher-order TM and TE band gaps. Also, this degree of reduction may not affect the properties of photonic crystals significantly.
The relative reduction of the first absolute band gap which is calculated in the region 0.3aрr 0 р0.4a is about 15%, and it doesnot change very much as the mean radius varies. However, for the second absolute band gap, its behavior is not uniform. The relative reduction of the second absolute band gap at r 0 ϭ0.3a is very large, but when r 0 р0.25a, it is comparable with the relative reduction of the first absolute band gap. This is due to the differences of the way absolute band gaps are created between the region r 0 р0.25a and the region r 0 Ͼ0.25a, as one can see in Fig. 5 . When r 0 Ͼ0.25a, the absolute band gap is defined by both the TM band gap and the TE band gap: the upper absolute band edge is determined by the TE band edge (TE 2 in the first absolute band gap and TE 3 in the second absolute band gap͒ and the lower one is determined by the TM band edge (TM 3 in the first absolute band gap and TM 4 in the second absolute band gap͒. When r 0 р0.25a, however, the absolute band gap is defined almost entirely by the TE band gap; TE 3 is included in TM 4 . So, the relative reduction of the second absolute band gap is actually equal to the relative reduction of TE 3 in this region. Because the relative reduction of TE 3 is comparatively small, the relative second absolute band-gap reduction in the region r 0 р0.25a is not larger, and even smaller than the relative first absolute band-gap reduction.
As a result, the maximum size of the second absolute band gap at rϭ0.25a is reduced to 9%, and that of the first absolute band gap at rϭ0.35a is reduced to 7%. That is, the maximum size of the second absolute band gap still remains a little more larger than that of the first absolute band gap. When spontaneous emission has center wavelength of 1 m and width of 50 nm, the absolute photonic band-gap size must be larger than 5% in order to inhibit the spontaneous emission. Therefore, these reduced sizes of absolute photonic band gaps are still sufficient for the spontaneous emission control.
In spite of being the higher-order band gap, the second absolute band gap is not more affected than the first one by the same radius fluctuation except for a few cases. Remember that the larger lattice can be used if one takes advantage of the higher-order photonic band gap. Therefore, the second absolute photonic band gap of graphite structures could be more suitable for the complete spontaneous emission control.
IV. CONCLUSION
The reduction of a photonic band gap is investigated to understand the effects of size nonuniformities in the twodimensional photonic crystal. The plane-wave expansion and the supercell methods are employed for our calculation. Various two-dimensional lattices such as square, triangular, and graphite structures of dielectric rods or air holes are investigated.
The study of the density of states in a disordered structure manifests the existence of localized states near band edges and thus the reduction of a photonic band gap. For the amount of radius fluctuation which may arise during fabrication processes, the first photonic band gap in either TM modes or TE modes of square and triangular structures remains nearly unaffected. However, larger radius fluctuation may reduce the band-gap size significantly. The absolute photonic band-gap reduction in graphite structures is about two times larger than the TM or TE band-gap reduction in triangular structrues, but the reduced size of the absolute photonic band gap is still sufficiently large for actual uses. In graphite structures, we additionally find that when the two absolute photonic band-gap regions with similar sizes are compared the second absolute band gap is not more affected than the first one by the same radius fluctuation. This implies that the use of the second absolute band gap is more advantageous, considering that the structure can be made on a larger scale by using the second absolute band gap.
